Analytic second derivatives of the relativistic energy for the calculation of electric response properties are derived utilizing the normalized elimination of the small component (NESC) method. Explicit formulas are given for electric static dipole polarizabilities and infrared intensities by starting at the NESC representation of electric dipole moments. The analytic derivatives are implemented in an existing NESC program and applied to calculate dipole moments, polarizabilities, and the infrared spectra of gold-and mercury-containing molecules as well as some actinide molecules. Comparison with experiment reveals the accuracy of NESC second order electric response properties.
I. INTRODUCTION
The quantum chemical calculation of electric second order response properties with non-relativistic methods is a widely used standard procedure, 1 which is predominantly applied to organic molecules. 2 At the same time, there is less computational data available for molecules containing heavy elements because in this case, relativistic methods have to be applied. [3] [4] [5] The complexity of the full four-component relativistic formalism restricts its applicability to atoms and small molecules [6] [7] [8] [9] and stimulates researchers to seek for simpler yet accurate computational alternatives. Here, we continue our method development work for the normalized elimination of the small component (NESC) method, which is an exact two-component relativistic method that was originally proposed by Dyall. 10 In a series of previous publications, we developed and implemented a new algorithm for NESC, 11 which makes it possible to routinely carry out relativistic calculations for large molecules with heavy atoms. In addition, we worked out the methodology for calculating first order response properties, 12 such as the analytic energy gradient for geometry optimization, EPR hyperfine structure constants, 13 contact densities for the calculation of Mössbauer isomer shifts, 14 or electric field gradients for nuclear quadrupole coupling constants. 15 In this work, we extend the previously developed formalism to the analytic calculation of electric second order response properties, such as polarizabilities and infrared (IR) intensities where our approach is based on the successful analytical calculation of NESC frequencies. 16 When a molecule is exposed to an external electric field, the electric dipole moment measures the separation of positive and negative charge in the molecule whereas the static electric dipole polarizability measures the distortion of the molecular charge distribution. 17 The polarizability is an important property that is essential for the understanding of the electronic structure. Knowledge of atomic and molecular polarizability a) Electronic mail: dcremer@gmail.com.
is important in many areas of computational chemistry ranging from electron and vibrational spectroscopy to molecular modeling, drug design, and nano-technology. In general, relativity leads to a contraction of the s-and p-orbitals and to an expansion of the d-and f-orbitals. In the case of atoms, the former effect (orbital contraction) dominates the charge distribution and leads to a reduction of the static electric polarizability. However, in molecules, the interplay between relativistic and electron correlation effects necessitates the use of accurate theoretical methods for explaining trends in a series of homologous compounds. 18 The calculation of infrared (IR) intensities is even more important than the calculation of polarizabilities because the former are difficult to measure. 19 Even in the year 2012, reliable absolute IR intensities are only known for small molecules in the gas phase. Most of the IR intensities measured are relative rather than absolute intensities. IR intensities provide valuable information about the charge distribution in a molecule under the impact of an external electromagnetic field. 19, 20 In Secs. II-VIII, we will present first the NESC method (Sec. II), then the NESC dipole moment formulas (Sec. III), the formulas for the NESC polarizabilities (Sec. IV), and finally those for the NESC IR intensities (Sec. V). In Sec. VI, the computational procedures employed in this work will be described and calculated first and second order NESC properties obtained in this work will be discussed in Sec. VII. Conclusions will be drawn in Sec. VIII.
II. THE NESC METHOD
The NESC equation 10 (1)
provides the exact electronic (positive-energy) solutions, i.e., eigenvectors A and eigenvalues ε, of the one-electron Dirac equation. 21, 22 The NESC HamiltonianL takes the form of
Matrix U connects the large component and the pseudo-large component of the electronic solutions of Dyall's modified 4-component Dirac equation, 10 which can be calculated iteratively using one of the following equations:
11, 23-25
or using the one-step method described by Zou and coworkers. 11 In the following, all derivations are taken in the scalar relativistic form.
In the case of a many-electron problem, the one-electron NESC HamiltonianL has to be renormalized on the nonrelativistic metric 10 , 26
where G is the renormalization matrix,
implying that
For a closed-shell system, the Fock matrix is given by
and the total electronic energy E of the many-electron system by Eq. (10),
where J and K are the Coulomb and exchange parts of the Fock matrix and P is the density matrix calculated as P = CnC † . The diagonal matrix n contains the orbital occupation numbers and matrix C collects the eigenvectors of the Fock matrix obtained from the diagonalization of the pseudoeigenvalue problem of Eq. (11)
In the following, the first and second derivatives of Eq. (10) are derived, which are needed for the analytic calculation of electric response properties.
III. DERIVATION OF THE NESC DIPOLE MOMENT
In a static homogeneous electric field F, the potential V (r) modifies to
and the total molecular energy can be represented by a Taylor expansion as in
The first order term of the expansion leads to the electric dipole moment
whereas the second order term gives the polarizability tensor
For convenience, one defines the scalar dipole moment as the norm of the dipole moment vector μ = ||μ|| and the isotropic polarizability as the average of the trace of the polarizability tensorᾱ
which is invariant with regard to coordinate transformations. Taking the derivative of the electronic energy (10) with regard to the components F α (α = x, y, z) of the electric field, only the terms depending on V, W, G, and U (since G depends on U, and U depends on V and W), make contributions to the dipole moment component μ α
where the new matricesP = GPG † and D =LGP are introduced.
The terms containing the ∂W/∂F α and ∂U/∂F α derivatives make only negligible contributions to the dipole moment. Indeed, the elements of the ∂W/∂F α matrix depend on the gradient of the basis set functions χ μ , which are large only in the core region, and are typically 3-4 orders of magnitude smaller than the dipole moment integrals ∂V/∂F α = χ μ |r|χ ν in the valence region. 28 As follows from Eq. (5), the derivatives ∂U/∂F α are of the order of o(c −2 ) as compared to the dipole moment integrals and can be safely neglected.
The derivative of G can be obtained by differentiating Eq. (8) , which leads to Eq. (19) ,
where X = ∂G/∂F α . Equation (19) can be solved by iteration or eigenvalue decomposition methods. 16 However, ∂G/∂F α is of the order O(c −4 ) and therefore it can be also neglected.
In view of these considerations, Eq. (18) can be simplified to
This means that the dipole moment is calculated using the same formula as in the non-relativistic case except that the transformed density matrixP has to be used in the scalar relativistic case.
IV. DERIVATION OF THE NESC POLARIZABILITY
Taking the derivative of Eq. (18) with respect to F β (α, β = x, y, z), one obtains Eq. (21) for the polarizability tensor.
Similar to the case of the dipole moment, both the first and second derivatives of W, U, and G can be neglected and in this way Eq. (21) simplifies to
Since V is a linear function of the external electric field, Eq. (12), the second derivative of V in the first term on the rhs vanishes and Eq. (21) is further simplified to Eq. (23)
Hence, the scalar relativistic formula for the polarizability differs from the non-relativistic calculation only by the fact that the derivative ∂V/∂F β has to be renormalized by matrix G. The derivative of P has to be calculated with the help of a coupled-perturbed (CP) approach.
V. DERIVATION OF THE NESC INFRARED INTENSITIES
The IR intensity is given by Eq. (24)
where N A is the Avogadro number, h the Planck constant, c the speed of light, Q i the normal coordinate and g the degeneracy of normal mode
N being the number of atoms in a molecule and L the number of its translations and rotations. Since we calculate dipole moment derivatives for Cartesian coordinates X = {x, y, z} and work in atomic units, the intensity of mode i can be rewritten as
where is the rectangular dipole moment derivative matrix of dimension 3 × 3N given in Cartesian coordinates. By solving the vibrational secular equation in Cartesian coordinates, the normal vibrational modes l i are obtained. In Eq. (25), it is used that intensities expressed with regard to normal coordinates are related to those expressed in Cartesian coordinates by the equation
IR intensities i are second order response properties because one has to take the first derivatives of the energy E with regard to the components of the electric field F and then the second derivatives with regard to the Cartesian coordinates X n (n = 1, ···3N). For practical reasons, it is of advantage to revert the order of derivations and to calculate scalar relativistic NESC IR intensities utilizing the following formulas. Taking the derivative of Eq. (18) with respect to an atomic coordinate X n , one gets
Again, both the first and second derivatives of W, U, and G are neglected, which leads to Eq. (29)
Alternatively, one can take the derivatives of Eq. (10) first with respect to X n and then F α to obtain Eq. (30),
where matrix is defined by = −C nC † . After neglecting the first and second derivatives of W, U, and G (and also the ones of S and T since they are 3-4 orders of magnitude smaller than those of V), Eq. (30) takes the form
In comparison to Eq. (29), there are fewer CP equations to be solved in Eq. (31) (6 vs. 3N), however more matrix multiplications (27N vs. 9N) have to be carried out. Also, the ∂P/∂X n derivatives can be obtained during the calculation of the vibrational frequencies 16 and saved for further use in Eq. (29) .
VI. COMPUTATIONAL PROCEDURES
The equations for NESC second order response properties described in Secs. II-V were implemented in the program COLOGNE12 (Ref. 29) and tested with the help of the IORAmm (Infinite Order Regular Approximation with modified metric) program previously written by Filatov and Cremer. 28, 30 The NESC second order response property program was applied to a series of molecules containing heavy and superheavy atoms utilizing both coupled cluster theory, [31] [32] [33] second order Møller-Plesset (MP2) theory, 34, 35 and density functional theory (DFT). For the DFT calculations, the B3LYP (three parameter hybrid density functional with Becke exchange and Lee-Yang-Parr correlation; Refs. 36 and 37) and PBE0 (hybrid density functional with Perdew-BurkeErnzerhof exchange and correlation functionals; Refs. 38 and 39) hybrid XC functionals were used. In the MP2 and DFT calculations, basis sets were employed with Gaussian exponents taken from the all-electron basis sets def2-QZVPP (valence quadruplezeta basis set with three sets of polarization functions; Ref. 40) (for H, O, F, Cl, and Br) and SARC (segmented all-electron relativistically contracted basis set; Refs. 41 and 42) (for Os, Au, Hg, Th, and U). These were re-contracted using the NESC Hamiltonian with a finite nucleus model. 11 For the element Hs (AN = 108), a spin-free Dirac-Hartree-Fock contracted triple-zeta basis set published by Dyall 43 was employed, where however, the highest contracted s, p, d, and f basis functions were replaced by 13, 10, 9, and 7 relaxed primitive functions. Then, the basis set was augmented with one f and two g sets for the purpose of improving the description of valence electron correlation and polarization. This led to a basis set of the type (32s29p20d14f2g)/[19s15p12d9f2g].
Coupled cluster with single (S) and double (D) substitutions (CCSD) and coupled cluster with S and D substitutions and perturbational treatment of triple substitutions (CCSD(T)) calculations were carried out correlating all valence and semi-core electrons. For atoms F, Cl, and Br, Dyall's Dirac-contracted cc-pVTZ(pt/sf/fw) basis set 44 was employed whereas for I, the DK3-Gen-Tk/NOSeC-VTZP (Refs. 45 and 46) and for Ag and Au the cc-pwCVTZ-DK2 basis 47 was used. The molecules investigated predominantly possess closed-shell character and therefore spin-orbit coupling (SOC) corrections of the electric properties do not play any significant role. In the case of the dipole moment, the largest SOC corrections were found for AgF( 1 + ) and AuI( 1 + ) (−0.10 and −0.09 Debye) (Ref. 48) , whereas for X elements with smaller AN, the corrections are just fractions of these maximum values. SOC corrections become more important when fractionally occupied p-, d-, and f-orbitals are present. However, such molecules were not investigated in this work.
The modes of the calculated vibrational spectra were analyzed to determine their character (stretching, bending, etc.) using the composition of normal modes (CNM) analysis of Konkoli and Cremer, which is based on local vibrational modes. 49 
VII. RESULTS AND DISCUSSIONS
In Tables I and II , NESC dipole moments and polarizabilities of a series of Ag-, Au-, and Hg-containing molecules 48 which were obtained at the CCSD(T) level using experimental bond lengths, numerical derivatives, RECPs, and aug-cc-pVnZ (n = 4,5) basis sets to extrapolate to the CBS limit. NESC/CCSD(T) reproduces the results of the latter calculations within 0.01−0.02 Debye requiring however less than 10% of the computer time needed for the RECP/CCSD(T)/CBS calculations. 28 however in agreement with the expectation that with increasing number of electrons and a more electropositive central atom, the polarizability increases rather than decreases. The NESC/PBE0 results forᾱ of the group VIII tetroxides are more than 1 unit too small (6.89 Å 3 ). In general, NESC/MP2 polarizabilities are more reliable than the NESC/PBE0 results forᾱ, which means that DFT can only be used for considering general trends. However, there are also cases (see, e.g., the NESC/PBE0 value for HgCl in Table II) where the NESC/DFT result agrees well with measured polarizabilities.
For some of the molecular polarizabilities listed in Table II, −1 ) , and infrared intensities scaled by the degeneracies (km/mol) with the corresponding experimental values measured in the gas or the solid phase (the latter is indicated by solid).
No.
Mol polarizabilities between −0.2 and −2.0 Å 3 where the largest effects are found for HgH (ᾱ: 5.83−7.86 = −2.03 Å 3 ). These trends can be related to the relativistic orbital contraction of the 6s-orbital of Hg, which dominates scalar relativistic effects of mercury compounds. The exception is found for HgF 2 where the effect of the 6s-orbital contraction is balanced by the electron-withdrawing ability of two strongly electronegative F atoms so that relativistic and non-relativistic isotropic polarizability (4.13 and 4.06 Å 3 , Table II ) become comparable.
The relativistic dipole moments and polarizabilities follow well-known trends. The dipole moments increase with increasing bond length and increasing bond polarity (i.e., electronegativity difference of the atoms being bonded) where the latter effect dominates as can be seen in the series AuX with X = H, F, Cl, Br, I (1. 47, 4.32, 3.81, 3.50, 3.16 Debye; Table I ). The polarizability is a volume property and therefore increases with the size of the molecule and the number of electrons (see, e.g., AuX with X = F, Cl, Br:ᾱ = 4.38, 6.69, 7.78 Å 3 ). Isotropic polarizabilities of anions are larger than those of neutral molecules (see, e.g., HgCl 2 and AuCl . Also, molecules with more electropositive atoms possess a larger isotropic polarizability than molecules with more electronegative atoms (see, e.g., HgH and HgF: 5.46 vs. 4.86 Å 3 ). All these trends are reflected by the NESC polarizabilities of the molecules listed in Table II .
As in the case of the dipole moments, the NESC polarizabilities help to correct flawed experimental data. For example, the measured isotropic polarizability of UF 6 is given to be 12. Table III , NESC/PBE0 geometries, vibrational frequencies, and IR intensities are compared with experimental results, some of which were obtained in the solid state (as indicated). Previously, Schwerdtfeger and co-workers investigated some of the Au-containing molecules at lower levels of theory using RECPs. 72, 73 Calculated vibrational frequencies are in reasonable agreement with the available experimental data considering (i) the harmonic approximation and (ii) the fact that NESC/PBE0 gives the calculated bond lengths somewhat too long. In general, stretching frequencies are somewhat too large (due to the harmonic approximation) whereas bending frequencies are somewhat too small (due to the somewhat too long bond lengths). In such a situation, it is difficult to find a common scaling value. Future work has to focus on the calculation of NESC anharmonicity corrections.
Although many vibrational spectra have been measured, there is a serious lack of measured absolute IR intensities. Only in the case of UF 6 , experimental absolute intensities are available. 69 Both theory and experiment agree that the t 1u -symmetrical modes at 184 (exp.: 186) and 629 (exp.: 624) cm −1 with intensities of 52 (exp.: 38) and 810 (exp.: 750) km/mol can be used to identify the molecule in the gas phase. The good agreement with the experimental values confirms that the methods developed are capable of yielding reliable IR intensities. IR intensities reflect changes in the bond polarity (bond dipole moment) during the vibration. In a simplified way, intensities become larger as the partner atom becomes more electronegative. For example, in the series AuX with X = Br, Cl, F, the intensity of the stretching mode increases from 5.1 to 12.9 and 52.3 km/mol (NESC/PBE0; Table III ). The intensity increases in the corresponding anions XAuX − : 35, 70, 183 km/mol (σ + u -stretching mode) and 6, 17, 25 km/mol (π ubending mode). It is known that IR-intensities can be used to derive effective atomic charges provided the charge flux during a vibrational motion is available from another source. 20 In Table IV , the NESC/B3LYP frequencies and intensities of UO 2 (NO 3 ) 2 · 2 DMF (dimethylformamide) are given for the gas phase. This compound was recently investigated in the solid state where it turned out difficult to measure exact IR intensities. 74 In Figure 1 , the calculated spectrum is shown, which reveals that the vibrational modes involving the uranium atom appear at 968 cm −1 (antisymmetric O-U-O stretch) and in the far-IR (the O-U-O bending modes, denoted as (x,y), at 252 and 264 cm −1 ). Since the stretching mode has a larger intensity, it is better suited for identification of the compound. FIG. 1 . NESC/B3LYP infrared spectrum of UO 2 (NO 3 ) 2 · 2DMF in the gas phase.
VIII. CONCLUSIONS
In this work, we have extended the applicability possibilities of the NESC method:
(1) We have developed the methodology for routinely calculating electric second order response properties with the help of analytic second energy derivatives of the NESC method with regard to the components of an external electric field.
(2) We have presented the methodology needed for the calculation of the static dipole polarizability and the IR intensity where suitable working formulas have been tested.
(3) In this connection, we have also checked NESC dipole moments. A comparison of NESC/CCSD(T) dipole moments for AgX and AuX diatomic closed shell molecules has found them as accurate as the much more expensive RECP/CCSD(T)/CBS dipole moments.
(4) NESC/MP2 polarizabilities correctly reflect their dependence on the volume of the molecule, the molecular charge, the spin multiplicity, and the electronegativity of the atoms forming the molecule. NESC/PBE0 polarizabilities are less accurate, however they are sufficiently accurate to predict general trends.
(5) NESC/MP2 isotropic polarizabilities compare well with the corresponding experimental values as, e.g., in the case of OsO 4 . They predict a larger polarizability for HsO 4 and reveal that the experimental values for UF 6 and HgCl 2 are erroneous.
(5) The calculated NESC/PBE0 frequencies and IR intensities agree very well with the available experimental data for UF 6 . NESC/PBE0 IR intensities are in line with the known charge distributions, dipole moments, and the dependence of the latter on geometrical changes.
In summary, we have proven that analytic NESC second derivative calculations can routinely be carried out and that in this way, NESC electric second order response properties become generally available. The applicability range and the usefulness of NESC have been substantially increased in this way. The methodology presented in this work is also of relevance for other exact two-component relativistic methods such as the IOTC (infinite order two component) or X2C (exact two component) method.
